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In some recent works a dispersion relation proposed by FeEsHBACH for the generalized optical
potential has been used in order to analyse the energy dependence of the strength of the empirical
optical potential. In the first part of this report the mathematical problems arising in the derivation
of the dispersion relation and the results obtained in this direction are discussed; in the second part
the approximations introduced in the application of the dispersion relation are analysed and the
results concerning the non-locality of the generalized optical potential are reviewed.

1. Introduction

In the past few years many general features of
the optical model for the scattering of nucleons by
nuclei have been analysed and clarified.

A Dbasic point is the following: the empirical
(local) optical potential introduced to describe the
total and differential cross sections has to be con-
sidered as related to a generalized optical potential
which, in principle, can be derived from the dy-
namical equations for a many-nucleon system.

This point of view leads to theoretical problems
concerning the definition of the generalized optical
potential and the analysis of its properties and of
its connection with the empirical optical potential.

If the energy of the incident nucleon is non-
relativistic, it is quite natural to assume that the
nucleon-nucleus system is described by a Schrédin-
ger equation containing an interaction between nu-
cleons in terms of two-body local potentials. In such
a case one has a well defined mathematical model
and one can define a generalized optical potential
by projecting the scattering wave-function on the
elastic channel ! 7%, Then one finds that such a poten-
tial is nonlocal, energy dependent and complex (in
the energy range where inelastic channels are open).
Besides, it can be analytically continued in the com-
plex energy plane and it satisfies a dispersion rela-
tion which connects its real and imaginary parts.
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The previous mathematical scheme is inadequate
for two reasons: the first one is that high-energy
nucleon-nucleus scattering is not considered; the
second one is that, if one analyses at low energies
the optical potential by means of the dispersion re-
lation, one needs a knowledge of the asymptotic
behaviour of the imaginary part of the generalized
optical potential for large (relativistic) values of the
energy. However in the relativistic case the problem
of the meaning and of the existence of a generalized
potential has not yet been solved. One can assume
that the generalized potential has a very general
meaning as suggested by its derivation, in the non-
relativistic case, through a projection of the scatter-
ing wave function on the elastic channel, whatever
the nature of the inelastic channels; but the validity
of this point of view is not proved. A derivation of
the generalized optical potential in the case of sim-
ple field models may give some insight into the gen-
eral features of the problem. At present the optical
model is used in relativistic situations with modifi-
cations only in the kinematics 5.

A second basic problem, which concerns the ap-
plications of the optical model is the following:
since the generalized optical potential is monlocal
whereas the empirical optical potential is local, the
dispersion relation between the real and imaginary
parts of the generalized potential does not imply
a dispersion relation between the real and imaginary
parts of the empirical potential. Therefore, as al-
ready suggested by Feshbach, deviations of the em-
pirical potential from the dispersion relation would
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indicate the extent of the nonlocal nature of the
generalized potential.

Since all the representations of the generalized
potential are very involved, the previous program
can be developed in a clear way only in the limit
case of infinite nuclear matter. As a consequence,
only gross features of the empirical potential, such
as the behaviour of the energy dependence of its
strength can be analysed, and from such an analysis
one can expect to get information only on the order
of magnitude of the range of nonlocality of the
generalized optical potential.

2. Mathematical Problems

In this part of the report we analyse the mathe-
matical problems arising both in the definition of
the generalized optical potential and in the deriva-
tion of its basic properties such as the dispersion
relation. We restrict ourselves to the nonrelativistic
case, 1. e. we assume that the many nucleons system
is described by a nonrelativistic Schrodinger equa-
tion.

In such a case the generalized optical potential
has been derived by many authors in the framework
of formal scattering theory starting both from the
time-dependent® and from the time-independent
Schrodinger equation 24,

The expression given by FesHBACH? for the
generalized optical potential seems to be the most
convenient one in order to derive its basic proper-
ties.

Before analysing the mathematical problems in-
volved in the proof of Feshbach’s equation and in
the derivation of the features of the generalized po-
tential, we have to specific the notations we shall
use.

Let us consider a system of 4+ 1 nucleons and,
for the sake of simplicity, let us neglect spin and
isospin variables and the identity of nucleons. In
addition, let us suppose that the lowest channel (with
threshold energy ;) be a channel with a free nu-
cleon (incident nucleon) and a nucleus of 4 nu-
cleons in the ground state @4 (target nucleus). We
make no assumptions on the other channels with
threshold energies ¢; (=2, 3,...) greater than ¢;.
In the energy range from & to & only the elastic
scattering of the nucleon by the target nucleus is al-
lowed and, for this reason, we denote the channel
with threshold energy ¢, as elastic channel. Besides,
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we denote as projection on the elastic channel the
projection operator P defined as follows:

PY(r,Ry) =Ps(Ry)y(r) (2.1)
w(r) =[P4 (Ry) V(r,Ry) dR, (2.2)

and r is the position of the incident nucleon rela-

where

tive to the center of mass of the target nucleus,
whereas R ; denotes any set of internal coordinates
of the nucleons in the target nucleus. If ¥ is the
scattering wave function for the system of 4-+1
nucleons, then i can be called the optical model
scattering wave function. Finally we set ) =1 —P.

Now. let the operator H be the Hamiltonian for
the system of 4 + 1 nucleons in the center of mass
system and let J/; be the sum of all the interactions
(two-body local potentials) between the incident nu-
cleon and the nucleons in the target nucleus: then
the operator Hy=H — V| is the so-called channel
Hamiltonian for the elastic channel and H; com-
mutes with the projection operators P, ). H, has a
purely continuous spectrum in the interval [ey,
+ o).

By means of the notations previously introduced,
Feshbach’s form for the generalized optical poten-
tial is the following:

V(EYW—-PV,PVW
“PV,QE+i0-QHQ)"1QV,P YW
_PV,PV¥ +U(E) V. (2.3)

Here the generalized potential is written as an ope-
rator on the scattering wave function for the system
of A+1 nucleons; besides E is the total energy of
the system of 4 + 1 nucleons and the notation £+ 0
denotes the limit as the imaginary part of E tends
to zero for positive values. From Eq. (2.3) one can
derive the form of the generalized potential as an
operator on the optical model wave function .
Equation (2.2) ; the result is:

P(E) w(r) =Py(r) w(r) + UE) p(r)  (24)

where the local term 7, (1) corresponds to the term
PV,P in Eq. (2.3) and the operator U (E) is re-
lated to the operator U(E) of Eq. (2.3) as follows:

U(E) w(r)=[ DS (R, UE) P(r.R,) dR 4.
(2.5)

From Eq. (2.3) it follows that the generalized
optical potential depends on the energy only through
the resolvent of the operator Q H (). That is the
great value of Eq. (2.3) because one can reduce the
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mathematical analysis of the definition and of the
properties of the generalized optical potential to an
analysis of the spectral properties of the operator
Q H Q. Indeed one can say that the whole Feshbach
theory of nuclear reactions is proved if the follow-
ing spectral properties of the operator Q HQ are
proved:

i) the continuous spectrum of Q H Q is the inter-
val [&,, + ~), whereas the point spectrum of Q H Q
in the interval (— o, &) contains only isolated
eigenvalues of finite multiplicity and is bounded
from below;

ii) the operator Q H(Q has a complete ortho-
normal family of eigenfunctions (including eigen-
functions associated with the points of the con-
tinuous spectrum).

Property i) is a sufficient condition in order to
have a Hermitian generalized optical potential in
the energy range from & to &, i.e. in the energy
range where only elastic scattering is allowed. Be-
sides, by means of property ii), Feshbach proves
that the operator U (E) in Eq. (2.4) is an integral
operator and that, if we denote by U (E; T, ) its
kernel, then the following dispersion relation holds:

Re U(E;r, ") =1 A;:(z‘,gr)
1 Vmu@ N )

T
where the &,’s are the eigenvalues of Q H Q and the
kernels A, (r,7’) have a finite rank as a consequence
of the finite multiplicity of the eigenvalues of Q H Q.

The previously stated properties are the basic
properties of the generalized optical potential and,
at the same time, the starting point for Feshbach’s
unified theory of nuclear reactions. For instance one
can give an interpretation of the eigenvalues of
Q H(Q as resonances in the scattering of nucleons
by nuclei 2.

Before discussing the validity of the spectral pro-
perties i), ii) we have to make some remarks about
the operator Q H (). Indeed, the spectral properties
i), ii) can hold only if the operator Q H Q is self-
adjoint or if it has a unique self-adjoint extension.
Now, under very general conditions on the two-body
potentials, it has been proved ¢ that the operator H
is self-adjoint and lower semi-bounded with a do-
main Dy C L?(R?4) which can be completely charac-
terized. Then one can easily verify that P Dy € Dy

and, as a consequence, that the operator Q H Q,
with domain Dy, is symmetric and lower semi-
bounded 7. By Friedrich’s theorem ® it follows that
the operator Q H Q admits a self-adjoint extension,
but it is not possible to prove, in the general case,
that this extension is unique.

One can easily overcome the previous difficulty
by introducing the operator:

H-H_&,P-PV,—V,P (2.7)

which commutes with the projection operator P and
which satisfies the relation:

QHQW—-HQVY (2.8)

for any ¥ € Dy;. Indeed, as a consequence of Eq.
(2.8) one can repeat Feshbach’s derivation (or the
derivation given in Ref.?) of the generalized opti-
cal potential with the operator Q H Q replaced by
the operator H. On the other hand the analysis of
the operator H is easier than the analysis of the
operator Q H Q: if the two-body potentials acting
between the nucleons satisfy rather general condi-
tions (which include the Coulomb potential but ex-
clude hard-core potentials), then one can prove?
that the operators PV, and V;P have a unique
bounded extension; since the operator H is self-
adjoint and lower semi-bounded, it follows that the
operator H with domain Dy is also self-adjoint and
lower semi-bounded.

As a consequence of the previous remark, we see
that if the sp(ictral properties i), ii) hold true for
the operator H then Feshbach’s theory is proved;
in other words, it is not necessary that the spectral
properties i), ii) hold true for the operator Q H Q.
We remark also a typical feature of the generalized
potential: if the operator H is replaced by the ope-
rator H' =H+PT P, where the operator T is
arbitrary except for the restriction that A’ has still
to be self-adjoint, then the operator )7 produces the
same generalized potential as the operator H, even
if property i) may be false for H.

Property i) has been proved for the operator i1
at least in the case of a three-nucleon system ?, with
conditions on the two-body potentials which still
include Coulomb potential but exclude hard-core
potentials. In the proof methods introduced by
FADDEEV 1 and HUNZIKER ! are used. Of course it
must be possible to extend the proof to the case of
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an arbitrary number of nucleons, but the rather in-
volved analytical methods used in the theory of
many particle scattering ! 13 seem to be necessary.

As a consequence of the previous results one can
conclude that the generalized potential exists at least
in the energy range from ¢ to & and that it is a
bounded (self-adjoint) operator.

As regards the spectral property ii), one can try
to replace this property by von Neumann’s result
concerning the existence of a spectral measure as-
sociated with a self-adjoint operator 8. Now, the
existence of the spectral measure does not imply that
the generalized optical potential is a bounded non-
local potential in the energy range where inelastic
channels are open; however the existence of the
spectral measure implies that it satisfies a gene-
ralized dispersion relation ® which, for the sake of
conciseness, we do not write down here and which
makes reasonable Eq. (2.6). Thanks to this result,
it seems that it is not necessary to prove property ii)
(which, of course, is more stringent than the
existence of the spectral measure) but it is enough
to prove that the resolvent of the operator H is an
integral operator with a kernel satisfying suitable
conditions. Results in this direction have not yet
been obtained although they are customary in the
theory of many particle scattering 3.

In order to complete the analysis of the mathe-
matical problems arising in the theory of the optical
model, we have still to analyse the connection be-
tween the generalized and the empirical optical
potential.

The transition from the generalized to the empiri-
cal optical potential involves the following problems:

a) The generalized optical potential gives the
scattering amplitude at a given energy while the
empirical optical potential gives the average, on an
energy interval, of the scattering amplitude. There-
fore, starting from the same generalized potential
different empirical potentials corresponding to dif-
ferent averaging intervals (which lead to the giant
structure or to the intermediate structure of the
cross section'*15 can be derived. However the
problem of the average amplitudes becomes un-
important when energies are considered such that
the fine and intermediate structures disappear.
Since such a condition is also required for the vali-
dity of the approximation of infinite nuclear matter,
in the following pages we do not consider this
problem.
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b) The generalized potential is nonlocal, while
the empirical potential is local. Therefore the prob-
lem of the connection between a nonlocal potential
and a local one which gives the same phase-shifts
(“equivalent local potential”) has to be considered.
Such a problem has been widely analysed in recent
years 1722 and its full treatment involves the theory
of the Schrodinger equation with a nonlocal poten-
tial 2. However the problem becomes trivial when
the nonlocal potential is rotationally and trans-
lationally invariant. Such a situation is appropriate
for infinite nuclear matter and approximately holds
in the interior of heavy nuclei for wave lengths of
the incident nucleon small with respect to nuclear
dimensions. If we write the nonlocal potential as
follows 24:

VE)wr)=Vyp@) +[Vo(lr—1" ) (1) dr”
+JUE; |[r=1"])w(r') dr’ (2.9)

(where 7 is a real constant corresponding to the
local term in Equation (2.4) ; besides we have intro-
duced explicitly the energy independent nonlocal
term 7, which is due to the identity of the nucleons)
and if we call V' (E) the equivalent local potential,
the relation between the two potentials is:

Vi(E) =V, +71(E, k) (2.10)

J(E, k) = [ [Va(s) + U(E; )]
“expl{i(k.s)}ds, s=|s| (2.11)
2 2h’_2"' [E+V.(E)]. (2.12)

Equations (2.10) — (2.12) are used also for relati-
vistic energies of the incident nucleon with only a
change in the kinematics. Indeed in that case Eq.
(2.12) is replaced as follows:

L [E2—mict+2E Vi (E)],

2
h2¢f ,
E> |VL(E)]|

(2.13)
where E; is the total relativistic energy.

Equations (2.10) — (2.12) implicitly define the
equivalent local potential. .

3. Dispersion Relation Analyses
of the Energy Dependence

For the comparison with experiment, we concen-
trate our attention on the energy dependence be-
cause this is characterized by the dispersion relation
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(2.6) which is a property of fundamental character
and the only one which is formulated in an explicit
way by the theory of the generalized optical poten-
tial. It holds true also in the case of identical par-
ticles % 25, In this way one obtains an understanding,
at a fundamental level, of the energy dependence of
the empirical potential which by itself does not satis-
fy the dispersion relation.

The experimental results 26732 for neutrons and
protons over various nuclei and over the energ
range up to 1 GeV are shown in Figure 1 and 2.
More detailed information about particular nuclei
and for restricted energy intervals is summarized in
Refs. 26: 27, In these references are also summarized
the various empirical formulae proposed to describe
the energy dependence of the real part of the empi-
rical potential.

The problem of the interpretation of this energy
dependence is as old as the optical model itself. The
same year of the work of FEsHBACH, PORTER and
WEISSKOPE 33 a description of the dispersive pro-
perties of the nuclear matter was proposed by
BRUECKNER and coworkers ®* giving the correct
order of magnitude of the potential well at zero
energy by using the expression of the optical poten-
tial (in terms of the nucleon-nucleon forward scat-
tering amplitude) developed by WaTson?! at that
time.

In 1956 FrRAHN? showed that the equivalent
local potential of a nonlocal energy independent
potential in nuclear matter [only the term 7, in
Egs. (2.9) and (2.11)] has an energy behaviour
which is in qualitative agreement with the experi-
ment up to 300 MeV. The range of nonlocality (de-
fined as the standard deviation of a gaussian distri-
bution of nonlocality) was found to be .95 fm. A
nonlocal energy independent potential of Frahn-
Lemmer type ®6 was then used by PEREY and Buck 16
to fit the data of the neutron scattering on various
nuclei up to 24 MeV. The value there obtained for
the range of nonlocality was .85fm. This work
contains the first optical model analysis with a non-
local potential, later applied by other authors 37 38
and introduces also for finite nuclei an approximate
equivalent local potential in a way similar to that
used by Frahn for nuclear matter. It is remarkable
that the numerical analysis shows that such poten-
tial reproduces quite well the data in spite of the fact
that its derivation for finite nuclei contains some
points which are not justified. An equivalent local

potential of this type was later used by ENGEL-
BRECHT and FIEDELDEY ® to obtain the energy de-
pendence of the empirical potential starting from a
nonlocal energy independent potential. While Perey
and Buck considered only a surface nonlocal ab-
sorption, these authors, by introducing also a non-
local volume absorption, obtain an excellent agree-
ment with the experimental local real potential
depth for neutrons on various nuclei up to 160 MeV
with the same range of nonlocality already given

by Perey and Buck.

It must be pointed out, however, that a local
energy dependent potential derived from a nonlocal
energy independent one cannot give any transition
{rom attractive to repulsive interaction which is indi-
cated by the phenomenological analyses around
300 MeV. Moreover, the model of an optical poten-
tial nonlocal and energy independent has no theore-
tical ground and can be expected to give agreement
with experiment only over limited energy intervals.
Indeed the nonlocal generalized optical potential has
an intrinsic energy dependence, which comes {rom
very fundamental reasons, such as causality % 40,
Therefore the problem handled by the more recent
41744 s, following an early suggestion by
FEsHBACH 2, to describe the energy dependence of
the empirical potential as coming from two sources:
one is the intrinsic energy dependence of the gene-
ralized optical potential (“causal” or “dynamical”
energy dependence) and the second is its nonlocality
(“spurious” energy dependence). The first, as due
to causality, can be discussed by means of a disper-
sion relation. From such approach one hopes to ob-
tain two results:

works

i) a theoretical prediction of the energy depen-
dence of the real part of the strength of the empi-
rical optical potential over a wide energy range;

ii) an estimate of the range of nonlocality of a
suitable model describing the generalized opti-
cal potential.

A first indication on the “spurious” energy depen-
dence of the empirical optical potential is obtained
by applying directly the dispersion relation (2.6)
to the data?®. Such an application is not straight-
forward because: i) the empirical potential con-
cerns the energy -averaged scattering amplitude;
i) the energies of the resonances (eigenvalues of the
operator Q H Q or ﬁ) and the residues at the poles
should be known; iii) the asymptotic behaviour of
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the imaginary part of the empirical potential at high
energies, where the data are lacking, is needed.

Difficulty i) is overcome in Ref.2> by working
at energies above the resonances (see also the re-
at the end of Sect.2), whereas difficulty
ii) is overcome by considering only situations
where the approximation of infinite nuclear matter
holds (no poles). As regards iii), the unknown
asymptotic behaviour of the imaginary part intro-
duces only an unknown additive constant in the real
part (at lower energies), since the contribution to
the dispersion integral coming from the asymptotic
region depends very weakly on the energy until this
is rather low.

marks

The result given in Ref. 2> and later on confirmed
in Refs. #174* clearly shows, in the energy range up
to 400 MeV, a disagreement between the slope of
Re V'1,(E) calculated from the dispersion relation
and the slope deduced from the experimental data.
Indeed, while the empirical values of Re V[, (E) de-
crease with the energy, the dispersion relation curve
slowly increases up to 350 MeV. This comparison
is shown in Fig.1 where the dispersion relation
curve [curve (a)], calculated by a subtracted dis-

persion relation from the curve (a) of Figure 2, has _

been normalized to the experimental values at high
energy where its slope agrees with the experiment.
An important “spurious” energy dependence of the
empirical potential is then indicated, in qualitative
agreement with the previous works which neglected
the dynamical energy dependence 16: 35: 39,

The next step consists in separating the “dynami-
cal” energy dependence from the “spurious” energy
dependence and in expressing the latter in terms
of the nonlocality of the generalized optical poten-
tial. The empirical optical potential is treated as the
equivalent local potential of the generalized optical
potential.

The various treatments are based on the use of
the dispersion relation for U (E;s) and on an esti-
mate of the function 1(E;k®), — Eqs. (2.11),
(2.12) — by means of suitable models for the s-de-
pendence of U (E;s).

In Refs. 423 it is assumed that the nonlocality is
given only by the term 7/, in Eq. (2.9), due to the
identity of the nucleons, and the generalized optical
potential, after averaging over a suitable energy
interval 1%, is written as:
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Fig. 1. Experimental values of the real part of the empirical
optical potential well from Refs. 26732; 4 — neutrons, volume
absorption; > — neutrons, surface absorption: @ — protons,
volume absorption; (O — protons, surface absorption; [] —
protons, non-relativistic analyses; \/ — protons, relativistic
analyses; (© — average, for neutrons and protons from Re-
ference ¥°, Curve (a) : dispersion relation calculation; curve
(b) : dispersion relation calculation with the addition of the

spurious energy dependence 41,

VE) pr)=fVo(|r—1"]) w(r) dr
+U(E) p(r)

where U (E) is a local complex potential. As regards
P, , Gaussian or Yukawian models are assumed:

(3.1)

Vy(s) =U Hy(s) (3.2)
where  Hy(s) = ( f?) " exp{ —s*/?} (3.3)
or Hg(s) = (nf?s) texp{—-2s/8}. (3.4)

The parameter /3 is a measure of the nonlocality. In
the case of a Gaussian model — Eq. (3.3) — if
(2m/2hk?) Im V' (E)| <1, then by means of Eqs.
(1.8) — (1.10) one gets:
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Fig 2. Experimental values of the imaginary part of the empirical optical potential well.

Curve (a): imaginary part

used into the dispersion integral 25: 41,

Re V1 (E) =U exp [~ /f;:zl (E +Re VI;(E))] +ReU(E) (3:5)
Im V. (E) {1+ /;_:" U exp [ gh’" (E +Re VL-(E))H —ImU(E). (3.6)

Equation (3.5) shows in a simple way the separa-
tion between the “spurious”™ energy dependence
(first term at the r.h.s.) and the “dynamical” one
(second term at the r.h.s.). This latter can be cal-
culated by inserting the Lh.s. of Eq. (3.6) in the
dispersion relation and it results as being made up
by two terms: the first one contains in the disper-
sion integral only the imaginary part of the empiri-
cal optical potential; the second one is more com-
plicated but under very reasonable approximations
it can be neglected. In Ref.4? the first term is cal-
culated by means of the data for protons on *’Ca,
12C and *8Ni up to about 200 MeV. In Ref.*? it is
assumed that Im V1 (E) has a behaviour, obtained
from the nonlocal energy-independent model of
Reference 3%. As regards the asymptotic behaviour
of ImV/(E), these authors, treating the optical

potential as non-relativistic concept, make a non-
relativistic extension of it to high energy only for
its use in the dispersion relation. In Ref.*? the ex-
tension is made by means of the formula

2 7t h?

VL(E) = 2(0) f(E, 0) (3.7)
[where 0(0) is the nucleon density at the center of
the nucleus, normalized to the nucleon number, and
f(E,0) is the forward nucleon-nucleon scattering
amplitude] and assuming for f(E,0) a non-relati-
vistic model; in Ref. *? the empirical optical poten-
tial obtained from the nonlocal energy-independent
potential of Ref.3? is extrapolated at high energies.
In both cases Im /| (E) tends to zero for increasing
energy, but the high-energy behaviour remains quite
arbitrary and this fact causes, at low energies
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(E = 200MeV) an arbitrary additive constant in
Re 1’} (E). These works confirm the results already
found in Ref. *® on the importance of the “spurious”
energy dependence of V1 (E) at low energies. In
Ref.*2, with the form (3.3) for Hy, values of f
from 1.1{fm to 1.2{m are obtained for the three
nuclei considered; in Ref.*® the value ff=0.85fm
is found in the case of the form (3.3) for H;, while
the value /= 1.5 fm is found in the case of the form
(3.4) for Hy .

In Ref. #2 the dispersion relation is applied to the
potential integrated over the nuclear volume and the
Coulomb potential is taken into account. In Ref. 43,
on the other hand, the radial dependence of the
potential is discussed in detail with particular re-
ference to the surface properties.

The points of view which characterize these treat-
ments consist essentially in: a) assuming the energy
dependent part of the generalized optical potential
as local; b) treating the optical potential as a non-
relativistic quantity whose imaginary part tends to
zero for increasing energy. Point a) does not seem
to be justified, at present, on the basis of the known
representations of the generalized optical potential;
point b) is not important at low energy (it causes
only an additive constant) but prevents the appli-
cation of this analysis to higher energies.

A different point of view is assumed in Ref. %!,
where a relativistic meaning is assumed for the
optical potential, as discussed in the introduction.
The behaviour of the imaginary part of the empira-
cal optical potential at high energies (E = 400 MeV)
is then calculated by means of the formula:

ImVy(E) =3hvay00d (3.8)

is the Goldberger factor accounting for
the exclusion principle and & is the average
nucleon-nucleon experimental total cross-section).
It is remarkable that, beyond 400 MeV, the ex-
perimental data for Re V', (E) are still strongly ener-
gy dependent and the slope is in good agreement
with the dispersion relation calculation (as it is
shown in Figure 1). This fact may be interpreted as
indicating that the generalized optical potential con-
tains, at least at these energies, a local energy-de-
pendent term satisfying the dispersion relation and
giving the — mnow completely “dynamical” —
energy dependence of the empirical optical poten-
tial. However it must be emphasized that this fact

(where »

/

does not mean at all that the generalized optical
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potential becomes local: the contribution of the non-
local terms of the empirical optical potential through
the function J(E,%?) in Eqs. (2.11), (2.12) is
averaged out, because the wave-length has become
small in comparison to the range of nonlocality.

These ideas can be easily formulated by writing
the Eq. (2.10) in the form:

ViL(E) =Py + Uy (E) +1(E, k) (3.9)

where U, (E) is a local complex potential, and by
calculating Re U, (E) by means of the dispersion
relation. There are however some ambiguities in the

choice of Im U, (E). At high energy (E = 400 MeV)
Egs. (3.9) and (2.11) show that ImU,(E)=
Im V| (E) ; therefore Eq. (3.8) has been used in the
asymptotic region for the calculation of Im U, (E).

At lower energies Im U, (E) has been assumed as a

function increasing from zero to the value given by
Eq. (3.8) at 460 MeV. The insensitivity of the final
result to the details of this behaviour has also been
tested. Besides, since in this way Im U, (E) goes
asymptotically to a constant, the dispersion relation
has been used in the subtracted form and the ad-
ditive constant has been determined by matching
Re V[, (E) to the high energy data (E2>21 GeV).

Below 400 MeV the term J(E, k?) increases for
decreasing energy and accounts for the discrepancy
between Re U, (E) and the experimental Re I’} (E).
It mainly describes the spurious™ energy dependence
and it has been simulated by a Gaussian {form fac-
tor with two parameters (well depth and nonloca-
lity) ; therefore Eq. (3.9) is written in the following
form:

Re V1, (E) =7, +Re U, (E)

+ N exp{ — 1 f2Re K2} . (3.10)

The parameter N is determined by the low energy
data (E>220MeV) while f is determined by the
general behaviour of the experimental points [see
curve (b) on Figure 1], obtaining a value of 0.8 {fm.

The Eq. (3.10) for Rel’|,(E) gives a very good
agreement with the data in the whole energy range
from 20 MeV up to 1 GeV. Differing from the other
analyses considered here, the change of the sign of
the optical potential well around 300 MeV is repro-
duced. Unfortunately, the data above 400 MeV,
which are crucial in order to test this model, are
few and in part refer to light nuclei. The logarith-
mic asymptotic behaviour indicated in this work,
due to the subtracted dispersion relation calculation
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of the term U, (E) in Eq. (3.10), does not agree,
however, with an optical model analysis at 21
GeV 46, which gives a much smaller value for the
(repulsive) real part of the empirical potential.

Some features of the previous work, such as the
relativistic point of view and the nonlocal character
of the energy dependent part of the generalized op-
tical potential, are also assumed in a paper worked
out quite independently and at the same time %%
Here the following formula, already given in Ref. 47.

_ Ky(E) — (m/3 h?) EK,(E)

VL(E) 1+ (m/3 hg) Kg(E)

(3.11)

+ o0

Re V1, (E) —ReVy(E,) = E;—E" P| -

where the function «(E) is approximated by a two-
parameter rational function

a(E) =A/(E +B) . (3.15)

The dispersion relation (3.14) is a three para-
meter formula for Re V7 (E) like Eq. (3.10) used
in Ref.*! and reproduces in a very satisfactory way
the general features of the behaviour of Re /'y, (E)
in the whole energy range covered by the experi-
mental data with the experimental value for
Re V1. (E)) (Ey=50MeV) and 4=78,3MeV, B=
195,7 MeV. These last values agree also with esti-
mates for the effective mass. Equation (3.14) is re-
markable because it is simple and independent of
models on the coordinate dependence of the nonlocal
part of the generalized optical potential. Moreover,
in the dispersion integral only a directly measurable
quantity is implied, while in Ref.*! the function
Im U, (E) is required.

The success of the simple parametrization shown
in Eq. (3.15) may perhaps signify that it expresses
in a simplified way analytical properties of an ap-
proximate equivalent local potential, even if some
points in its derivation do not appear justified, as
keeping only the first two terms in the power ex-
pansion (3.13), assuming that K,(E) wanishes at
high energies and, more generally, that the gene-
ralized optical potential can be considered as local
for increasing energy in spite of the energy in-
dependent nonlocal term V,(s) due to the antisym-
metrization. Such requirement is quite different
from assuming the existence of a local energy de-

ImVi(E)
J ®&-B)E-E)
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is assumed, where
K, (E) =[s"[Vy(s) +U(E;s)]ds,
(n=0,1,2,...). (3.12)

This assumption amounts to taking up only the
first two terms in the expansion of the function
J(E, k*) in powers of k2:

s _(=D”
n=0 2n+1)!
If Ky(E) is expressed by means of the dispersion
relation for U (E; s) integrated over 8, and if K, (E)
is assumed to vanish above 1 GeV, then from Eq.
(3.11) one gets the subtracted dispersion relation

I(E, k2) = Ky (E).  (3.13)

dE" + Eya(E,) —E a(E) (3.14)

pendent term (or of a term tending to a local poten-
tial for increasing energy), as is made in Ref. ..

The formulation of the generalized optical poten-
tial in terms of a multiple scattering expan-
sion 148 49 strongly suggests the existence of such
a term. The question is critically discussed in Ref. 49
where it is shown that this fact certainly holds for
the one-pion exchange contribution to the gene-
ralized optical potential in the non-relativistic ap-
proximation. The relativistic extension requires a
careful study of the off-shell nucleon-nucleon scat-
tering amplitude. In Ref.*? it is also shown that, if
the off-shell nucleon-nucleon scattering amplitude
depends only on the momentum transfer (the con-
ditions for the validity of such a hypothesis are not
quite clear), then a local term exists in the gene-
ralized optical potential and is given by Eq. (3.7).
If this result is true, such a term can be identified
at high energies with the empirical optical potential,
because the contribution to this one, coming from
the nonlocal term, is averaged out at these ener-
gies 41,

It must be noted that the identification proposed
here has a meaning completely different from the
“local approximation” which is made, also at low
energies, on the single-scattering term (of the mul-
tiple scattering expansion for the generalized opti-
cal potential) by inserting the momentum of the
incident nucleon inside the nucleus in place of the
momenta before and after the scattering®® (see
also *7, p. 795 and *S, p. 150). This approximation



528

amounts to transforming the nonlocal potential into
a local one, according to Eqgs. (2.10) — (2.12) and
that is the reason of the agreement between such ap-
proximation and the empirical data ®, in spite of the
large nonlocality of the generalized optical poten-
tial.

We finally observe that the papers previously re-
viewed, although developing different points of view,
agree in finding a dominant ,,spurious” energy de-
pendence at low energies (E - 200 MeV). Besides
the treatments developing a relativistic point of view
can account for the change of sign of the real part
of the empirical optical potential around 300 MeV.
It is also indicated that, although the generalized
optical potential maintains its nonlocal character, at
least owing to the Pauli principle, the nonlocal ef-
fects on the energy dependence of the empirical op-
tical potential vanish when the wave,length of the
incident nucleon becomes small enough. Therefore,
at high energies (E = 500 MeV) the energy depen-
dence of the empirical optical potential should be
completely dynamical and given by the local part
of the generalized optical potential. As a conse-
quence it seems important to concentrate the atten-
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Mach’s Principle — A Critical Review §
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After a short historical introduction it is discussed how far Mach’s principle is incorporated into
general relativity. The possible réle of Mach’s principle as a selection rule for the solutions of
Einstein’s field equations is summarized. Then follows a discussion of Mach’s principle in theories
of gravitation other than Einstein’s, mainly the Brans-Dicke theory. Finally the experiments on the
isotropy of inertial mass and their consequence for Mach’s principle are described. The conclusion
is that Mach’s principle, though an extremely stimulating thought, has at present little claim to be

a basic physical principle.

“They sought it with thimbles, they sought it with care;
They pursued it with forks and hope;
They threatened its life with a railway share;
They charmed it with smiles and soap.”
Lewis CARROLL: “The Hunting of the Snark”

I. Introduction

Mach’s principle in its most general form can be
stated as: The inertial mass of a body is caused by
its interactions with the other bodies in the universe.

Despite, or perhaps because of, its vagueness and
elusiveness it has intrigued many physicists and
exerted a considerable influence on fundamental
physics. It has played an important, if only heuristic,
role in the construction of theories of gravitation,
from Einstein’s general relativity up to the Brans-
Dicke theory. Nevertheless there is no consensus
among physicists as to its standing in physics. The
range of opinions extends from complete negation
of the postulate, as being either physically irrelevant,
or wrong, to the whole-hearted agreement in the
sense that any theory of gravitation must comply
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with Mach’s principle in order to be acceptable. The
present paper tries to give a concise account of the
concrete results which emerged in the long history
of this controversy.

And its history is long indeed. It goes right back
almost to the very beginnings of physics. NEwTON !
himself asked the question of what singled out the
inertial frames in which his first law holds. From
his famous experiment of the rotating water pail 1 2
he concluded that, since the shape of the water sur-
face is independent of the motion of the bucket rela-
tive to the surface, it is not rotation with respect
to other matter that determines the appearance of
centrifugal and Coriolis forces but rotation relative
to absolute space, which exists a priori and indepen-
dently of the bodies in it. Thus it is acceleration
relative to absolute space, or better its absence, that
determines the preferred inertial frames. Leibniz,
based on other philosophers back to Plato, rejected
the idea of an absolute space 3. He hold the relational
view that “spatium est ordo coexistendi”. For a dis-
cussion of the different notions on space hold by
Newton and Leibniz see e.g. NorTH*. EULER?®
took the Newtonian point of view and influenced
Kant’s attitude ¢, which in turn dominated the nine-
teenth century until Mach’s critique of Newtonian
mechanics. Mach had however an early precursor in



